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A Theoretical Investigation of the
Rectangular Microstri p Antenna Element

1. INTRODu CTION

The microstrip antenna consists of a radiating structure spaced a small frac-
tion of a wavelength above a ground plane . Antennas of this type have found appli-
cations where cost , weigh t, and ruggedness are important factors. Most of the
work reported so far has been experim ental. However , the circular disc micro-
strip element has theoretically been treated as a cavity 1 while the rectangular
pa tch has been modeled as a pair of slots separated by a transmission line. 2 , 3

A different approach has been presented4 where the radiating structure is modeled

(Receive d for publication 17 June 1977)
I . Howell , J.Q. ( 1975) Mlcrostrip antennas , IEEE Trans. Antennas Propagat.

,AP—23:9 0-93 .
2. Munson, R . E. ( 1974) Conformal microstrip antennas and microstrip phased

arrays, IEEE Trans. Antennas Propagat. AP-22:74-78.
3. Derneryd , A . G. (1976) Linearly polarized microstrip antennas, IEEE Trans.

Antennas Propagat. AP-24 :846-85 1.
4. Agrawal, P.K. and Bailey, M.C. (1976) An analysis technique for microstrip

antennas, IEEE Society on Antennas Propagat. Int. Symp. :395-398.5
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as a fine grid of wire segments. Some basic design formulas for microstrip patch
antennas have also been reported. 5, 6

In this paper , the rectangular microstrip radiating element is theoretically
investigated. The input impedance and the resonant length are calculated by con-
sidering the element as a line resonator with the open-circuited terminations
modeled as an RC network . From a radiation point of view the element is treated
as two narrow slots , one at each end of the line resonator . The interaction between
the t wo slo t s is considered by defi ning a mutua l .conductance. From the far-fields ,
the directivity of both a slot and a patch are calculated. The mutual conductance
between patches is expressed in terms of far-field components alone .

2. LINE RESON.~tTOR 
I

A rectangular microstrip radiating element is schematically show n in Figure 1,
The element is fed with a transmission line in the p lane of the pat ch or from t he
back through the ground plane to give a field distribution which is uniform along the
width. This is achieved either by making the width  of the element shorter than a
half dielectric wavelength or by using many feed poin t s separa t ed by a wave-
length. Therefore this structure can be treated as a transmission line which is
open-circuited at both ends and supports quasi — TEM modes. The resonance fre-
quencies must , t o a firs t approxima t ion, be a multiple of the half dielectric wave -
length:

C
0

2 .  L .  
( 1)

where c0 is the velocity of ligh t and E eff is the effective dielectric constant of a
m ic ros t rip line of width W and length L.

At the lowest resonance frequency, the fields at the ends are reversed as
illustrated in Figure 1. The horizontal components of the fring ing fields at either
end are in phase and give a maximum radiated field normal to the patch . The
vertical components and the fringing fields along the sides don ’t give any contribu-
tion at broadside but will have a minor influence on the far-fields for angles off
bores ight.

5. Kaloi , C. M. ( 1975) Asymmetrically Fed Electric Microstr ip Dipole Antenna,
Report TP-75-03 , Nava l Missile Center, Point Magu, CA.

6. Black , J . M. , and McCorkle, J .W. (1975) A Preliminary Report on the In-
house Exploratory Development Program on Microstrip Patch Antennas at
Naval Surface Weapons Center, Report NSWC/WOL/TR 75-200 , Naval
Sur face Weapons Center, Silver Spring, MD.

6
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Figure 1. Rectangu lar Microstrip Radiating
Element

, The fringing fields of the resonator can be viewed by means of a liquid crystal
detector. By placing the detector * above the patch , the fields in the plane of the
detector can be visually observed. Three different detector disp lays of the reson-
ance mode structures on same micr ostrip element are shown in Figure 2. The
radiation takes place at the ends of the line resonator and the microstrip element,
therefore , essent ially behaves as two slots. At the higher order resonance modes ,
standing wave maxima are observed along the patch separated by a half dielectric
wavelength.

The fields at the ends of the line resonator can be represented by an equivalent
uniform magnetic current along the Z-axis, This approximation is reasonable as
long as the ground plane spacing is very small; that is , k0h << 1 where k0 is the
propagation constant. The far-fields of a uniformly illuminated narrow slot
expressed in standard spherical coordinates are:

*The microwave liquid crystal detector was supplied by James Sethares.
7. Ke rnwels, N. P., and Mcllvenna , J. F. Liquid crystal diagnostic techniques

aid microstrip antenna design, pending publication in Microwave Journal.
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Figure 2. Liquid Crystal Displays of a Rectangular Microstrip Element Excited in
Different Modes. (a) Microstr i p element , (b) fir st mode, 3 . 10 GHz; (c) second
mode, 6. 15 0Hz; (d) third mode, 9. 15 
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~~~41 3 
~r r cos 9

(2)

H 0~~~-~~~~~~• E
41

wh ere V0 is the voltage across the slot and is the wavelength in free :~pace.
The far-fields are linearl y polarized and independent of the ground pla ne spacing
h, as long as this is a small frac tion of a wavelength.

3. \F :T~ oRk MO DEl.

The radiation at the open-circui ted ends of the line resonator can be repre-
sented by a radiat ion conductance.  This i~~ defi ned as a conductance which will
dissipa te the same power as that  radiated by th e slot :

~ sin~~(- .~~~ cos e)

G ~~~ - 
2 • sin 3 

~~ 
d~ . (3)

This integral has been solved numerically and a plot of the radiation conductance
as a function of the width can be found in Derneryd.

The effe ct of the fr i nging fields at the ends of the line resonator can be repre-
sented either as a shunt capacitance or as a lengthening of the line, In both cases,
the end effect can be modeled as an equivalent susceptance. The microstr i p ele-
ment can , therefore , be modeled as a network with two admittances separated by
a transmission line of width  W and length L as shown in Figure 3.

L B

G~~ 

~~~~ ~:~~~+ 

7~ G

Figure 3. Network Model of the Microstrip Radiatin g Element
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The resonant length of the element is defined as the length at which the input
admittance is pure real. The input admittance is found by t ransforming the slot
admi tt ances to the feed poin t and addi ng them in parallel . The resonant length is
given by:

2~~~B~~~Y
tan~~L =  2 2 

C (4 )
G + B - Y c

where j3 is the propagation constant in the dielectric.  The resonant length depends
on the width  of the ele ment , the ground plane spacing, and the dielec tric constant
but it is independent of feed point location as long as quasi - TEM modes are
exci ted. An effective dielectric constant has to be defined taking nto account the
frin ging fields along the sides before the propagation constant caP’ be determined .

In most practical  cases , the characterist ic admit tance of U t ransmission
li ne, Y~ , is much greater than both the radiation conductance and the “quivalent
susceptance. Therefore , by solvi ng Eq. (4) the resonant lengths can be expressed
as:

L = n ‘—i- - 2 ’  ~ L . (5)

That is , the resonant length of an element is a mul t i ple of a half dielectric wave-
length corrected by a term ~ L, which represents the extension of the terminal
plane fro m the ph ysical open end due to the end capacitance C. The line extension
is expressed as:

= 
v
~ c

C (6)

where v is the velocity in the dielectr ic . The resona nce frequency of the micro-
s t r i p element is th us decreased a small fraction if the effect ive  length is used in
the calc ulations.

1. R .~lH.tTIO\ P ’tTT ER\

The radiat ion pat tern of a rectangu lar micros tri p element modeled as two
slots sepa rat ed by a dista nce L is approx ima tely found by pattern multiplication .
The ar ray factor for the odd mode excitations is

10
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AF 2 ‘ cos 
~~~~~~~ 

sin 9 . cos 41’) . (7)0 \ o  /

For the even modes , the horizontal components of the fringing fields are out -of-
phase and, therefore, the array factor becomes

AFe 2 . sin ~~~ sin 9 cos 41’) . (8)
/

The radiation pattern of a microstrip element along a vertical cut in the E-
plan e is determined by the array factor alone since the far-fields of a slot are
cons tant in this plane. Along the H-plane, the array factor for odd mode excitation
i~ constant while it is zero for the even modes. Therefore , the radiation patterns
of the odd modes are completely determined by the element pattern of the slot.

Radiation patterns of a rectangular microstri p element with the dimensions
10 mm x 30 . 5 mm have been recorded for the f irst  three resonance modes . The
ver tical cuts along the E-plane are shown in Figures 4 through 6. As comparison ,
th e theoretical radiation patterns are also included in the figures as dotted lines .
The minor fluctuations in the recorded patterns are due to the finite ground plane
(0 . 61 m ~ 0. 61 m). A vertical cut of the radiation pattern along the H-plane of the
lowes t mode is shown in Figure 7 . The two slot model of the microstrip radiating
element gives very good agreement between theory and practice except in the region
close to endfire.

-30 -15 (dB) 0
Figure 4. Radiation Pattern Along the E-plane of the First
Mode, 3. 10 GHz
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-30 -15 (dB) 0
Figure 5. Radiation Pattern Along the E-plane of the Second
Mode , 6. 15 0Hz

~~~~~~~~~~~~~~~~~ \~~k~\

-30 -15 (dB) 0
Figure 6. Radiation Pattern Along the E-plane of the Third
Mode, 9. 15 GHz
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~~~~~~~ ~9O~-30 -15 (dB) 0
Figure 7. Radiation Pattern Along the H-plane of the FirstMode, 3. 10 GHz

5. IN P I T I M P ED%N C E

The input impedance for different feed point locations can be calculated withthe network model. At  resonance, the input impedance at an arbitrary feed point ,a distance x from one end of the microstr ip element is pure real. By transform-ing the slot admittances to the common point and adding them together , the inputimpedance at resonance is found to be:

1 2 2
= ~~-

__
~~~ (cos 2 

i~x ~~~~~~~~~ sin 2
~~X 4~• sin 2 13x) (9)

Usually~~~-<< I and~~~- << 1 and therefore (9) simplifies to:

1 2Zm (x) 2 ~~~ 
‘ cos 13x (10)

except close to the center of the element,
The mutual effect between the two slots is not included in the above formulas.The behavior of two coupled antennas can be described by network concepts , Therelation between the voltages and the currents at the input terminals is then repre-sented by an admittance matrix.  The corresponding network for two identical

13 



radiators is drawn in Figure 8. At resonance, the voltages at the ends of the
microstrip element are equal in magn itude and the phase difference is a multiple
of 1800. Taking into account the mutual conductance G 12, the expression for the
input impedance has to be modified to:

2Z. (x) = 2(G 11 ± 012
) 
. cos 13x ( 11)

where G 11 is the radiation conductance of an isolated slot. The plus sign corre-
sponds to the odd modes while the minus sign refers to the even modes. The
denominator is simply the radiation conductance of a patch at resonance .

— V 12
p F— I

V 11+Y 12 Y 22 +Y 12

Figure 8. Network Representation of a Pair of Coupled Antennas

6. MUTUAL CON9U CTA~ CE

A mutual conductance between two antennas can be derive d by considering the
total radiated power in a manner similar to that used to define the radiation con-
ductance for an isolated antenna. If the antennas are excited by equal voltages,
the mutual conductance expressed in far-field components is:

G 12 = 
1v 0 12 R efE 1 xT i~~~ ( 12)

where ~~ is a vector normal to a sphere of large radius and the asterisk denotes
the complex conj ugate.
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6. 1 Slots -

Consider two slots of length W placed in the X-Z plane and aligned in the Z-
direction. The mutual conductance when radiating into half space is:

it sin ~~— . cos O
012 =! ~iif co:2 

‘ sin3 9 J0 (.
~ 

‘ 2,r~ sin

(13)

~~~ 2ir . cos 9 ) .  d9
0

where J is the zero-order Bessel function of the first  kind. At zero spacing,
Eq. (13) gives the radiation conductance (3) of an isolated slot.

Values of this integral have been calculated for two special cases. The nor-
malized mutual conductance between two narrow slots along the E-plane is shown
in Figure 9 as a function of spacing. The longer the slot , the stronger is the
coupling. The corresponding curves for coupling along the H-plane are plotted in
Figure 10. As expected , the coupling decreases much more rapidly.

6.2 Patches

The mutual conductance between two rectangular microstrip elements is found
from Eq. (2) and ( 12) together with (7) or (8) . Along the E-plane, the mutual con-
ductance between patches with length L and width W excited in the odd modes is:

2 / lrwit sin ‘ cos O

012 = 2 9 
. sin3 9 . ~2 J 

~~ 
2ir ’ sin 9) +

(14)

2 r .  sin e )  +j 0 
( x _ L .  21r . sin9)~

The first  term in Eq. (14) is twice the mutual conductance between two slots
along the E-plane spaced by a distance x. The second and the third term are the
coupling between two slots separated by distances x + L and x - L along the E-plane.
The approximation used to derive (14) is that the far-fields of a patch are deter-
mined by the element factor times the array factor.

The integrals in ( 14) have been computed numerically and the results are
shown in Figure 11. The mutual coupling between two patches along the H-plane
for odd modes is:

15 
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—‘ 1 2 3 4
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X / L P M B O P

Figure 9. Normalized Mutual Conductance Between Two Narrow
Slots Along the E-plane

LU
Ci
z
a:
I— \ —w—ci \ W =O .3 A 

_____ _____

D O b  L~~~t i i  El I

\ — z —
(J W =1. O ,A

0~~0

Z / L R M B D P

FIgure 10. NormalIzed Mutual Conductance Between Two Narrow
Slots Along the H-plane
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X / L P M B D R
— U . . - ,

Figure 11. Normalized Mutual Conductance Between Two Rectan-
gular Microstrip Elements Along the E-plane

LU
C—)
z —w--•-

0 .5 ’ ~~~~ 3A O.3A ~~~ E t J ~~~~~~~j

0 .0  ~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,

7 / L A M B D A
n L

FIgure 12. NormalIzed Mutual Conductance Between Two Rectan-
gular Microstrip Elements Along the H-plane
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2 ,rw,r srn — . cos O

~~~ sin3 e • cos (
~~~. ~~~ cos e12 it cos~ 9

(15)

~ l + J (f
. 2ir~ sin 9 )~ . dO

The first term is identified as twice the mutual coupling between two slots
spaced a distance Z along the H-p lane. The second term is twice the couplin g
between two slots separated a distance L along the E-plane and a distance Z along
the H-plane. The normalized mutual coupling has been computed and the result
is drawn in Figure 12. As with the slots, the coupling decays faster along the H-
plane than along the E-plane. Au interesting point is that the coupling is stronger
along the E-plane for wider elements while the opposite is true along the H-plane.
Patches excited in the even mode resonances can be analyzed in a similar way.

Dl IIE CT I% II

The directivity of an antenna is defined as the ratio between the maximum
power density and the average radiated power. The radiation conductance is also
expressed in far-field components. Therefore, there exists a relation between
the directivity and the radiation conductance of an antenna.

~.1 Slots

The directivity of an isolated slot can be expressed as:

1 1 W
o 30 .G ~

The radiation conductance for short slots , w/ A 0 << 1, is proportional to the
square of length. The directivity of a short slot therefore approaches a constant
value 3 which is equivalent to 4. 8 dB. The radiation conductance for a long slot
is proportional to the length of the slot and Eq. (16) simplifies to:

= 4 .  -
~~ - -~~~- -*  1 . (17)

0 0

18 
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The directivity of an isolated slot is plotted in Figure 13 as a function of the
length. Subject to the restrictions on h mentioned earlier, the directivit y is inde-
pendent of the ground plane spacing.

~~ (~I

~~~UT

- - 
/

~~~~ 5~~~~ 
_ _ _

‘ 0 +  /
> 

4 
- ‘

0 ’  ‘ . . •“ • .(

100 10 1

N / L A M B D A
Figure 13. Directivity of a Narrow Slot
With Uniform Field Distribution

7.2 Patches

The microstrip element is considered as an array of two slots spaced a dis-
tance L along the E-plane. The directivity of a patch can thus be expressed as
the directlvity of a slot times the contribution due to the array factor. For odd
mode excitations , the latter contribution at broadside is:

DAF = 1 +
2

g12 
(18)

where g12 Is the normalized mutual conductance, as shown in Figure 9, between
two slots along the E-plane,

19



The relative directivit y of a pa tch is plotted in Figure 14 as a function of the

length. As the length of the element increases, the directivity increases until a
grat ing lobe appears in v isible space which is the case fo r higher order mode
resonances. A relative directivity of 3 dE is achieved when the mutual coupling
between the slots is zero. The even modes always have a null in the radiation
pattern at broadside.

CD
5

i~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Li W :O.3A

0 . 5  1 . 0

L / L A M B D R
Figure 14. Relative Directivity of a Rectangu lar Microstri p
Element at Resonance

II. CONCLUSiON

The rectangular microstrip element is treated as a line resonator. The radia-
tion takes place predominantly from the fringing fields at the open-circuited ends.
This has been verified by liquid crystal displays . These fields also represent an
extension of the element , making the physical resonant length just shorter than a
multiple of a half dielectric wavelength.

20
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Calculations of the input impedance show that by varying the feed point along
the transmission line , the element can be matched to all practical impedance
levels. ~‘rom a radiation point of view, the element is considered as a pair of
slots. The mutual effect between the radiating ends generally decreases the input
impedance.

The mutual coupling between elements can be seen as composed of coupling
between the ends of one element and both ends of the other element, Calculations
show that , as expected , the mutual effect is stronger along the E-plane than along
the H-plane .
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M~~T1IC SYSTFJI4

SASS UNITS:

~a~ytaty_ Ilnit SI Symbol Fnrmula
length metre mmass kilogram kgtime second
electric current ampere Alhennod yn.rnic temper atu re kelvin xamount of substance mole molluminous inten sity candela cd

SUPPW.fENTARY UNITS:
plane angle radian tadsolid angle ater ad i.n Sr

D~~~WTh UNITS:
Acceleration metre per second squared rn/sact ivity (of . radioactive sourcel disinte gration per second - .  (dlslntegration )/sangular acceleration radian per second squared - tad/sangular velocity rad ian per second ... rid/sares square metr e - -  mdensity ki logram per cubic metre kg/rnelectric capacilance farad F A.s/Velectrical conductance siemens S A/Velectric field stren gth volt per metre V/ rnelectri c induct arn e henry I t  Vs /Aelectric potential difference volt V W/Aelectric resistance ohm V/Aelectromotive forte volt V W/Aenergy joule I N.mentropy joule per kelv in j /kforce newton N kg.inlsfrequency hertz Hz (cycle)/sillurn inan ce lu ,, lx lrn/rnlumina nce candela per squ are metre - cd/rnluminous flux lumen rn cd~srmagnetic field str ength ampere per metr e .. A/mmagnetic flu x webar Wb V.,magnetic f lux densit y teals T Wb/mmagnetosnotive force ampere Apower watt W J /spressure pascal Pa N/rnqu antity of electr icity coulomb c A.,quantity of heat joule N.mradiant intensity wait per steradian W/srspecific heat joule per kilo gram-kelv in J/k g.Kst ress pascal Pa N/rnthermal condu ctivit y wait per metre - kelvi n ... W/m.l(veks .ily metre per sec,,nd - - - rn/svast.osity, dynami c pascal-second Pa-sviscosity, kinemat ic square metre per second - - rn/svoltage volt V W/Avolume cubic m etre rnwivenumbea reciprocal metre (wave)/mwork j oule i N~m

SI PSEflX ES:

M ulI ip lii  ation Fai io r s I’re(l s SI Symbol

I 000 0(i0 00o 000 — 10” inr a T
1 000 000 000 . 10’ gi gs

l 000 0oo-1o mega N
1 000.10’ kilo k

100 10’ hscto~ h10-  10 tick.’ di
0 1 10_ ’  dacr d

0 01 • 10-i  c enti ’
000 1 • t O ’ ’  mill i m

0 (100 00 1 — 10’ micro0 000 (100 001 • to- .  nano n0 000 DOt) OttO 001 • 1 0 ”  pko p(1 000 000 (Nf l — •o- ’ ?,wnto
it rain tgjo 000 twin iswj 001 • l t I - ’~ situ a
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